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HOMFLY POLYNOMIALS FOR PERIODIC KNOTS VIA STATE
MODEL
JOONOH KIM AND KYOUNG-TARK KIM
ABSTRACT. We give criteria for oriented links to be periodic of prime
order using the quantum SL(N)-invariant. The criteria are based upon an
observation on the linking number between a periodic knot and its axis
of the rotation.
1. INTRODUCTION
A link L in S3 is called p-periodic (p ∈Z≥2) provided that there is a home-
omorphism g : S3 → S3 of order p whose fixed point set γ is S1 on S3 with
γ ∩L= /0. (See [19, Section 1].)
The homfly polynomial PL(a,z) ∈ Z[a±1,z±1] of an oriented link L is
known to be defined uniquely by the following recursive relation:
(i) PT1(a,z) = 1;
(ii) a−1PL+(a,z)−aPL−(a,z) = zPL0(a,z),
where T1 is the trivial knot, and L+, L−, and L0 are obtained from L which
are identical with L except one given crossing as depicted in Figure 1 (see
[14, Theorem 8.2.6, p. 105]). The Jones polynomial VL(t) of an oriented
link L can be obtained from PL(a,z) by substituting a= t and z =
√
t− 1√
t
(see [14, Proposition 8.2.8, p. 106]).
The Kauffman polynomial FL(a,z) ∈ Z[a±1,z±1] of an oriented link L is
defined by
FL(a,z) = a
−w(D)ΛD(a,z),
where D is a diagram of L, w(D) is the writhe of D, and the polynomial
ΛD(a,z) is a regular isotopy invariant of an unoriented link obtained by:
(i) Λ (a,z) = 1;
(ii) Λ (a,z)+Λ (a,z) = z(Λ (a,z)+Λ (a,z));
(iii) Λ (a,z) = aΛ (a,z);
(iv) Λ (a,z) = a−1Λ (a,z).
The following are several known results for periodic knots or links. They
can be used as criteria for non-periodicity of links.
Theorem 1.1 (Przytycki [22, Theorem 1.2, Theorem 1.4]). Let p be a prime
number and L an oriented p-periodic link. Then
(i) PL(a,z)≡ PL(a−1,z) mod (p,zp);
(ii) FL(a,z)≡ FL(a−1,z) mod (p,zp).
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L+ L− L0
FIGURE 1. Skein triple
+1 −1
FIGURE 2. Crossing signs
Theorem 1.2 (Traczyk [24], [14, Exercise 10.1.6, p. 125]). Let L be an
oriented p-periodic link. Then VL(t)≡VL(t−1) mod (p, t p−1).
Theorem 1.3 (Murasugi [19, Section 1]). If K is an oriented pr-periodic
knot (p is a prime and r ∈ N), then the Alexander polynomial ∆K(t) of K
satisfies
∆K(t)≡ f (t)pr(1+ t+ t2+ · · ·+ tλ−1)pr−1 mod p
for some polynomial f (t) and λ ∈Z>0 with gcd(λ , p) = 1.
In the following theorem, Traczyk used the degree-zero term P0(a) in z
of PK(a,z) = ∑i≥0P2i(a)z2i for periodic knots.
Theorem 1.4 (Traczyk [25, Theorem 1.1], [20, Theorem 1 (a)]). If K is a
p-periodic knot (p an odd prime) and the linking number of the periodic
version of K with the axis of the rotation is equal to λ , then in the poly-
nomial P0(a) = ∑i∈Z c2ia2i we have c2i ≡ c2i+2mod p for all i ∈ Z, except
possibly when 2i+1≡±λ mod p.
Remark 1.5. The paper [25] used a different skein relation in [16], namely,
lPL+(l,m)+ l
−1PL−(l,m)+mPL0(l,m) = 0.
Theorem 1.4 is a modified version [20] in conformity with our definition of
PL(a,z) in variables a and z.
The quantum SL(N)-invariant P
(N)
L (q) of an oriented link L (see [8, Eq.
(3), p. 5] and [12, Remark in p. 171]) is defined by
(1.1) P
(N)
L (q) :=
qN−q−N
q−q−1 PL(q
−N,q−q−1) ∈Z[q±1].
In this paper we give criteria for periodic links using the quantum SL(N)-
invariant P
(N)
L (q) of an oriented link L.
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FIGURE 3. Rules for splice and projection with vertex weights
2. QUANTUM SL(N)-INVARIANT AND ITS QUIVER STATE MODEL
Throughout the paper, the letters L and D always stand for a link and its
diagram, respectively.
We recall a Yang–Baxter state model of P
(N)
L (q) for an oriented link L.
(See e.g. [12, Remark in p. 171] for detailed theory.) For N ∈Z≥2, we set
IN := {−N+1,−N+3, . . . ,N−3,N−1}. (|IN|= N)
Then we obtain the following description of P
(N)
L (q):
P
(N)
L (q) = q
−w(D)·N〈D〉.
Here w(D) is the writhe of D (=the sum of crossing signs in D as shown in
Figure 2) and 〈D〉 is defined by
〈D〉 := ∑
σ
〈D|σ〉q‖σ‖, (σ runs over all states on D)
where a state σ , the product 〈D|σ〉 of vertex weights, and the state norm
‖σ‖ will be explained now.
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Fix a diagram D of L. We first see that D corresponds to a planar quiver
(=directed multigraph) together with crossing data, say
G(D) = (V (D),A(D),C(D)),
where the vertex set V (D) is the set of crossings in D, the arrow set A(D)
is the set of oriented arcs in D, and C(D) is the function V (D)→ {±1}
for crossing signs given as in Figure 2. Note that every vertex in V (D) has
indegree 2 and outdegree 2. Now fix N ∈ Z≥2. A state (or an N-state) on
D is a pair (G(D),η) such that η : A(D)→ IN is an arrow labeling (or
coloring) function satisfying the following local condition:
For each v ∈ V (D), its adjacent arrow-labels a,b,c,d ∈ IN
fulfill one of the six conditions in Figure 3.
If σ = (G(D),η) is a state on D, then we remove each vertex v ∈ V (D) by
the rules in Figure 3 so as to obtain the vertex weight w(v) of v. The quantity
〈D|σ〉 is defined by
〈D|σ〉 := ∏
v∈V (D)
w(v) ∈Z[q±1].
If every vertices are removed according to the rules in Figure 3, then we get
a diagram of planar loops with some flat crossings (graphical crossings).
It turns out (easy to verify) that the resulting diagram consists entirely of
simple closed oriented loops, called component loops of σ . The norm ‖σ‖
of σ is now defined by
‖σ‖ := ∑
ℓ
label(ℓ) · rot(ℓ),
where the summation is over all component loops ℓ of σ , label(ℓ) is the
assigned (coherent) arrow-label for ℓ, and rot(D) is defined by
rot(ℓ) :=
{
+1 if the orientation of ℓ is counterclockwise;
−1 if the orientation of ℓ is clockwise.
The definition of rot(ℓ) makes sense because ℓ is simply closed.
3. A CONGRUENCE OF P
(N)
L (q) FOR PERIODIC LINKS
In what follows we occasionally use the next easy lemma.
Lemma 3.1. Let i, j ∈ Z. If i≡ j mod p, then qi ≡ q j mod (qp−1).
Proof. Assume that i > j with i = j+ kp for some positive integer k. Then
qi−q j = ((qp)k−1)q j = (qp−1)(qp(k−1)+ · · ·+qp+1)q j. 
The following is our main congruence of P
(N)
L (q) for a periodic link.
Theorem 3.2. Let p be a prime. Suppose that L =
⋃m
j=1L j is a p-periodic
oriented link of m components with diagram D=
⋃m
j=1D j and the axis γ of
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the rotation. Then we have
P
(N)
L (q)≡ ∑
ϕ∈I mN
m
∏
j=1
qλ j·ϕ( j) mod (p,qp−1),
where I mN is the set of all functions from {1, . . . ,m} into IN , and λ j is the
linking number between L j and γ .
A criterion for non-periodicity is an immediate corollary:
Corollary 3.3. Suppose p is a prime and L=
⋃m
j=1L j is an oriented link. If
P
(N)
L (q) 6≡ ∑
ϕ∈I mN
m
∏
j=1
qψ( j)·ϕ( j) mod (p,qp−1)
for any function ψ : {1, . . . ,m}→ {0, . . . , p−1}, then L is not p-periodic.
Proof of Theorem 3.2. We denote by ζ the rotation around γ through the
angle 2pi/p, and assume without loss of generality that D and G(D) are
p-periodic configurations, i.e., symmetric under ζ .
Let σ be an N-state on D. Then either ζ (σ) 6= σ or ζ (σ) = σ . If σ is
not symmetric under ζ (i.e., ζ (σ) 6= σ ), then the orbit of σ under the action
of ζ consists of p distinct but congruent states σ ,ζ (σ), . . . ,ζ p−1(σ). Since
all these congruent states contribute the same value toward 〈D〉, we have
∑
p−1
i=0 〈D|ζ i(σ)〉q‖σ‖ ≡ 0 mod p. If σ is symmetric under ζ (i.e., ζ (σ) = σ )
and σ has a vertex of weight ±(q− q−1), then 〈D|σ〉 has a factor ±(q−
q−1)p whence zero modulo (p,qp−1). On the other hand, if σ is symmetric
under ζ and σ has no vertex of weight ±(q− q−1) (i.e., each vertex of σ
has weight q±1 or 1), then 〈D|σ〉= qpk for some k ∈Z, and hence 〈D|σ〉 ≡
1 mod (qp−1).
When σ has no vertex of weight ±(q−q−1), we say that σ is “proper”.
From the previous argument we see that
(†) 〈D〉= ∑
σ : all
〈D|σ〉q‖σ‖ ≡ ∑
σ :proper &
symmetric
q‖σ‖ mod (p,qp−1).
Next we calculate the norm of a proper symmetric state. Let Cσ be the
set of component loops of a state σ . We consider the subsetC
γ
σ := {ℓ∈Cσ :
there is γ inside ℓ }. If σ is symmetric under ζ , then
‖σ‖= ∑
ℓ∈Cσ
label(ℓ) · rot(ℓ)≡ ∑
ℓ∈Cγσ
label(ℓ) · rot(ℓ) mod p.
Here we note from Lemma 3.1 that the quantity q‖σ‖ is determined up to
modulo (qp−1) whenever the exponent ‖σ‖ is determined up to modulo p.
For the calculation of ‖σ‖ we claim the following lemma.
Lemma 3.4. If a vertex of a proper state is a self-crossing (i.e., it is not a
crossing between two distinct link components), then it cannot have vertex
weight 1.
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FIGURE 4. Typical crossings in a proper state (a 6= b)
Proof of Lemma 3.4. The proof is done by contradiction: Assume that a
proper state has the crossing of the third (or fourth) diagram in Figure 4.
If we chase D (not G(D)) starting from the crossing along the upper right
arc (labeled a), then we arrive at the crossing again along the lower right
arc (labeled b) by the assumption. However it is impossible because chas-
ing across the crossings of weights q±1 or 1 do not alter an arrow-label.
(Consider all crossing types of D depicted in Figure 4.) 
Corollary 3.5. There is a one-to-one correspondence σ 7→ ϕσ between the
set of all proper states on D=
⋃m
j=1D j and the set I
m
N .
Proof of Corollary 3.5. By the lemma if σ is a proper state, all arcs of D j
have the same arrow-label. We define this label as ϕσ ( j). Conversely, from
any ϕ ∈ I mN , we get a unique arrow-labeling function by refining ϕ . It is
naturally consistent with the conditions (2), (3), (5), (6) in Figure 3. 
If σ is a proper symmetric state, thenC
γ
σ =
⋃
I∈IN EI where
EI :=
{
ℓ ∈Cγσ : ℓ has label I
}
=
{
ℓ ∈Cγσ : ℓ lies in
⋃
k∈ϕ−1σ (I)
Dk
}
.
From the previous result ‖σ‖ ≡ ∑ℓ∈Cγσ label(ℓ) · rot(ℓ) mod p, we get
‖σ‖ ≡ ∑
I∈IN
I · ∑
ℓ∈EI
rot(ℓ) = ∑
I∈IN
I · ∑
k∈ϕ−1σ (I)
λk =
m
∑
j=1
ϕσ ( j)λ j mod p.
If a proper state σ is not symmetric, then the quantities ∑mj=1ϕζ k(σ)( j)λ j
are the same for all k ∈ {0, . . . , p−1} thanks to the symmetry of D under ζ .
Therefore ∑
p−1
k=0 q
∑mj=1 ϕζk(σ)( j)λ j ≡ 0 mod p and so we obtain from Eq. (†)
〈D〉 ≡ ∑
σ :proper
q∑
m
j=1 ϕσ ( j)λ j = ∑
ϕ∈I mN
q∑
m
j=1 ϕ( j)λ j mod (p,qp−1).
Since L is p-periodic, p divides w(D) whence
P
(N)
L (q) = q
−w(D)·N〈D〉 ≡ 〈D〉 mod (qp−1).
as desired. The proof of Theorem 3.2 is now complete. 
6
N r s P
(N)
L (q) (Q1,Q2,Q3) Note
even even even odd = odd + even + even knots
odd even even even = even + even + even knots
even odd odd even = odd + even + odd
odd odd odd even = even + odd + odd
FIGURE 5. Table for the parities of exponents in P
(N)
L (q)
4. MORE CONGRUENCES FOR PERIODIC LINKS
In this section we change the ideal (p,qp− 1) in Theorem 3.2. We first
establish the following two (easy) observations; we have included proofs
for the sake of completeness.
Lemma 4.1. Let c > 0 be an odd integer and A a commutative ring. Put
R := A[q±1] and R= R0⊕R1 where R0 :=⊕Aq2k and R1 :=⊕Aq2k+1. If
f ∈R0 or f ∈ R1, then f ∈ (qc+1) and f ∈ (q2c−1) whenever f ∈ (qc−1).
Proof. Suppose that f ∈ R0 and 0 6= f ∈ (qc− 1) with deg f = d. Then
there is g= ∑d−cj=−n a jq
j ∈ R such that f = g(qc−1). Since−ad−cqd−c ∈ R1
appears in the product of g and qc− 1 it should be canceled by ad−2cqd−c
in ad−2cqd−2c(qc−1). Thus d−2c≥−n and ad−c = ad−2c so that
h := ad−cqd−c(qc−1)+ad−2cqd−2c(qc−1) = ad−cqd−2c(qc−1)(qc+1)
is in R0. If f −h= 0, then the proof is done. If f −h 6= 0, then the reverse
induction on degg finishes the proof: The quotient g′ for f −h= g′(qc−1)
is g′ = g− (ad−cqd−c+ad−2cqd−2c). The case f ∈ R1 is similar. 
Proposition 4.2. Let p be an odd prime. Suppose R=Z[q±1] in Lemma 4.1.
If f ∈ R0 or f ∈ R1, then we have f ∈ (p,qp + 1) and f ∈ (p,q2p− 1)
whenever f ∈ (p,qp−1).
Proof. Consider the canonical homomorphism
R→ R := Zp[q±1] ; g= ∑aiqi 7→ g¯= ∑ a¯iqi,
where Zp = {0¯, . . . , p−1} is the ring of integers modulo p. Suppose f ∈
(p,qp− 1) = (p)+ (qp− 1). Then f¯ ∈ (1¯qp− 1¯) ⊆ R. Since f¯ ∈ R0 or
f¯ ∈ R1 we have f¯ ∈ (1¯qp+ 1¯) ⊆ R by Lemma 4.1 for A= Zp. This means
(from R= R/(p)) that there exist f1 ∈ (p) ⊆ R and f2 ∈ (qp+1) ⊆ R such
that f = f1+ f2 ∈ (p,qp+1). The case f ∈ (p,q2p−1) is similar. 
An algebraic result induced from Proposition 4.2 and Theorem 3.2 is:
Corollary 4.3. Let p be an odd prime. Suppose that both the LHS and
the RHS of the congruence in Theorem 3.2 lie in either R0 or R1 where
R = Z[q±1]. Then we can replace the ideal (p,qp− 1) by (p,qp+ 1) or
(p,q2p−1).
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It is known that r+s is always even for each monomial part carzs (c,r,s,∈
Z) in a homfly polynomial PL(a,z). By (1.1) the term ca
rzs changes into
cQ1Q2Q3 in P
(N)
L (q), where Q1 = (q
N−1 + qN−3 + · · ·+ q−N+1), Q2 =
q−rN , and Q3 = (q− q−1)s. Thus the parity of exponents in P(N)L (q) is
described in the table of Figure 5. On the other hand, the RHS of the con-
gruence in Theorem 3.2 depends on N and λ j’s. Note that, whenever N is
odd (i.e., all I ∈ IN are even), the parities for the LHS and the RHS coin-
cide automatically. In this case we can change the ideal by Corollary 4.3.
The preceding argument gives:
Corollary 4.4. Let p be an odd prime and we keep the same notation as in
Theorem 3.2. If N is odd, then we have up to either modulo (p,qp+1) or
modulo (p,q2p−1)
P
(N)
L (q)≡ ∑
ϕ∈I mN
m
∏
j=1
qλ j·ϕ( j).
The proof of the next theorem (which is, by Corollary 4.4, meaningful
only when N is even) is based on a different approach.
Theorem 4.5. Let p be an odd prime and we keep the same notation as in
Theorem 3.2. Then we have
P
(N)
L (q)≡± ∑
ϕ∈I mN
m
∏
j=1
qλ j·ϕ( j) mod (p,qp+1).
Proof. The proof is a modified version of that of Theorem 3.2. As in the
previous proof, we use the same notation, terminology, and assumption (that
D and G(D) are symmetric under ζ ).
Let σ be an N-state on D. If σ is not symmetric under ζ , then the con-
gruent states σ ,ζ (σ), . . . ,ζ p−1(σ) give zero contribution modulo p toward
the state model. If σ is symmetric but not proper, then 〈D|σ〉 has a factor
±(q−q−1)p whence zero modulo (p,qp+1).
We now assume that σ is proper. We see from Lemma 3.4 that each “self-
crossing” of a link component is not a vertex of weight 1 but a vertex of
weight q±1 depending only on its crossing sign. Since the number of “link-
crossings” between two distinct components are even, the parity (modulo
2) of an integer k for which 〈D|σ〉 = qpk is determined completely by the
diagram D (i.e., the crossing signs of the self-crossings in D), and does not
depend on a specific choice of a proper state σ on D. We have now
〈D〉= ∑
σ : all
〈D|σ〉q‖σ‖ ≡± ∑
σ :proper &
symmetric
q‖σ‖ mod (p,qp+1).
In order to compute q‖σ‖, we first decomposeCσ =C
γ
σ ∪B+σ ∪B−σ for any
(not necessarily, proper symmetric) state σ , where
B±σ := {ℓ ∈Cσ \Cγσ : rot(ℓ) =±1}.
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Since∑ℓ∈Cσ rot(ℓ)=∑ℓ∈Cγσ rot(ℓ)+|B+σ |−|B−σ | is the rotation number (Whit-
ney degree) of the diagram D, it is independent on σ . Similarly, since
∑ℓ∈Cγσ rot(ℓ) is the sum ∑
m
j=1λ j of linking numbers, it is also independent
on σ . Thus, |B+σ |− |B−σ | is independent on σ . If σ is symmetric, then both
|B+σ | and |B−σ | become multiple of p and tσ := (|B+σ |+ |B−σ |)/p has the same
parity with (|B+σ |− |B−σ |)/p. Thus, whenever σ is symmetric, we have
∑
ℓ∈B+σ∪B−σ
label(ℓ) · rot(ℓ) = p(±I1± I2±·· ·± Itσ ) for some I j ∈IN.
Note that (±I1± I2±·· ·± Itσ ) has the constant parity for all symmetric σ .
If N is odd, i.e., I j’s are even, then this fact is trivial. However, if N is even,
i.e., I j’s are odd, then we may use the fact that the parity of tσ is independent
on a choice of σ . Since
‖σ‖= ∑
ℓ∈Cγσ
label(ℓ) · rot(ℓ)+ ∑
ℓ∈B+σ∪B−σ
label(ℓ) · rot(ℓ),
we obtain
∑
σ :proper &
symmetric
q‖σ‖ ≡± ∑
σ :proper &
symmetric
q
∑
ℓ∈Cγσ
label(ℓ)·rot(ℓ)
mod (p,qp+1).
As in the proof of Theorem 3.2, we have
∑
ℓ∈Cγσ
label(ℓ) · rot(ℓ) = ∑
I∈IN
I · ∑
ℓ∈EI
rot(ℓ) = ∑
I∈IN
I · ∑
k∈ϕ−1σ (I)
λk =
m
∑
j=1
ϕσ ( j)λ j.
Since ∑
p−1
k=0 q
∑mj=1 ϕζk(σ)( j)λ j ≡ 0 mod p for a proper and asymmetric σ ,
∑
σ :proper &
symmetric
q
∑
ℓ∈Cγσ
label(ℓ)·rot(ℓ) ≡± ∑
σ :proper
q∑
m
j=1 ϕσ ( j)λ j =± ∑
ϕ∈I mN
q∑
m
j=1 ϕ( j)λ j
mod (p,qp+1). Finally, since w(D)≡ 0 mod p, we have
P
(N)
L (q) = q
−w(D)·N〈D〉 ≡ ±〈D〉 mod (qp+1).
Gathering the pieces of the above congruences, the proof is done. 
Proposition 4.6. Suppose N is even. If all λ j’s are simultaneously odd
or even, then the ±-sign of the congruence in Theorem 4.5 is determined
by the parity of exponents in P
(N)
L (q). If L is a knot, then the ±-sign is
determined by the parity of λ = λ1. Moreover, if the sign is “+”, then the
ideal (p,qp+1) in Theorem 4.5 can be replaced by (p,q2p−1).
Proof. Let f ,g∈Z[q±1] be f :=P(N)L (q) and g := ∑ϕ∈I mN ∏mj=1qλ j·ϕ( j). If
all λ j’s are odd (resp. even), then the parity of exponents in g is odd (resp.
even) because all I ∈IN are odd. Consider f¯ , g¯ ∈ Zp[q±1] as in the proof
of Proposition 4.2. Then f¯ ≡±g¯ mod (1¯qp+ 1¯) by Theorem 4.5. Since p is
odd, the ±-sign is therefore determined by the parity of the exponent in f¯ .
(See Figure 5.) Note that if L is a knot, then the exponents in f¯ are always
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odd so that odd λ (resp. even λ ) yields the plus sign (resp. minus sign).
Finally, the next proposition completes the proof. 
Proposition 4.7. Suppose f ∈ Z[q±1]. If f ∈ (p,qp−1)∩ (p,qp+1), then
f ∈ (p,q2p−1).
Proof. Again consider f¯ ∈Zp[q±1]. Then f¯ ∈ (1¯qp− 1¯)∩ (1¯qp+ 1¯). Since
the resultant Res(1¯qp− 1¯, 1¯qp+ 1¯) = 2¯ is not zero, there is no common root
of 1¯qp− 1¯ and 1¯qp+ 1¯ in an algebraic closure of Zp. Thus f¯ ∈ (1¯q2p− 1¯)
which implies that f ∈ (p,q2p−1), as desired. 
Remark 4.8. We do not know whether Theorem 4.5 is better than The-
orem 3.2. So far, we could not find an example which turns out to be a
non-p-periodic link using Theorem 4.5 but not possibly by Theorem 3.2.
5. CRITERIA FOR NON-PERIODICITY OF KNOTS
Throughout this section K denotes a knot. The following result is a case
m= 1 for knots in Theorem 3.2 and Theorem 4.5.
Theorem 5.1. Suppose that K is p-periodic with diagram D and the axis γ ,
and that λ is the linking number between K and γ . Then we have
P
(N)
K (q)≡ ∑
I∈IN
qλ ·I mod (p,qp−1)
and
P
(N)
K (q)≡± ∑
I∈IN
qλ ·I mod (p,qp+1).
Corollary 5.2. If, for any integer k ∈ {0, . . . , p−1},
P
(N)
K (q) 6≡ ∑
I∈IN
qk·I mod (p,qp−1),
then K is not p-periodic. If, for any integer k ∈ {0, . . . ,2p−1},
P
(N)
K (q) 6≡ ± ∑
I∈IN
qk·I mod (p,qp+1),
then K is not p-periodic.
It is sometimes useful to combine our criteria with existing results like
the next corollary suggests.
Corollary 5.3. Suppose that we already have a set C of possible candidate
for linking number. If
P
(N)
K (q) 6≡ ∑
I∈IN
qk·I mod (p,qp−1) for all k ∈ C
or
P
(N)
K (q) 6≡ ± ∑
I∈IN
qk·I mod (p,qp+1) for all k ∈ C ,
then K is not p-periodic.
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Fix an odd prime p. Then, by reducing modulo (p,qp−1), any Laurent
polynomial f = ∑i aiq
i ∈Z[q±1] gives rise to a unique representative which
we refer to as the “normal form” of f with respect to (p,qp−1):
f ≡ ∑
−p/2< j<p/2
b jq
j mod (p,qp−1),
where b j ∈ {0,1, . . . , p− 1} is congruent to ∑i∈ j+pZai modulo p for each
j with −p/2< j < p/2. When we say two Laurent polynomials in Z[q±1]
are congruent modulo (p,qp−1), we mean both the normal forms coincide.
We have the following observation on lower bounds of p for p-periodicity.
Corollary 5.4. Suppose that P
(N)
K (q) is not equal to ∑I∈IN q
k·I for all k ∈
N. Then there is n ∈ N such that K is not p-periodic for all odd prime
p≥ n.
Proof. Let P be the set of all prime divisors of coefficients of P
(N)
K (q).
Set n := 1+max
(
P ∪{2degP(N)K (q)}
)
. If p ≥ n, then P(N)K (q) itself is
its normal form. Thus, P
(N)
K (q) cannot be congruent to ∑I∈IN q
k·I for some
k after modulo (p,qp−1) by the assumption. 
We next talk about how Theorem 5.1 itself provides the possible values of
linking number. Suppose k is an integer such that |{k · I mod p : I ∈IN}|=
|IN|=N. For such k, the number of terms in the normal form of ∑I∈IN qk·I
is N, and we address the question which integer k′ with 1≤ k′ ≤ p−1 sat-
isfies the following identity of sets:
(5.1) {k′ · I mod p : I ∈IN}= {k · I mod p : I ∈IN}.
Important cases where we can easily determine such k′ are the following.
Proposition 5.5. Suppose N ∈ {2,3} and k ∈ Z such that the number of
terms in the normal form of ∑I∈IN q
k·I is N. Then, there are exactly two
choices for k′ ∈ Z with 1≤ k′ ≤ p−1 satisfying Eq. (5.1). In particular, if
k′ and k′′ are such two choices, then {±k′ mod p}= {±k′′ mod p}.
Proof. If N = 2 (resp. N = 3), then the set {k · I : I ∈IN} is equal to {±k}
(resp. {0,±2k}). Since gcd(k, p) = 1 by the assumption, we can uniquely
determine k′ ∈ Z with 1 ≤ k′ ≤ p− 1 such that k′ ≡ k mod p. Clearly,
another choice must be p− k′. 
Let K be a knot which we suspect being p-periodic. Suppose we already
knowP
(N)
K (q) for every N ∈N≥2. Theoretically, for each N ∈N≥2, we can
judge whether or not the congruence P
(N)
K (q) ≡ ∑i∈IN qkN ·i mod (p,qp−
1) holds for some integer kN depending on N with 0 ≤ kN ≤ p−1. (Here,
the choice for kN may not be unique.) Whenever this congruence holds for
all elements of a fixed subset S ⊆N≥2, we can check further if there is an
integer k such that {±k mod p} = {±kN mod p} for all N ∈ S with some
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choice of kN , in which case we call ±k mod p the “possible linking num-
ber of K with respect to S”. (Note that the plus-minus sign for ±k mod p
corresponds to an orientation of K.) On the other hand, if there exists no
such kN for some N ∈N≥2, or there is a subset S ⊆N≥2 such that the sets
{±kN mod p} are not the same for all N ∈ S with some kN , then we can
conclude that K is not periodic. By Proposition 5.5 we often do this proce-
dure with S= {2,3}. Of course, the larger the size of S becomes, the more
reliable possible linking number we get.
Remark 5.6. There may be many ways to obtain a set C of possible linking
numbers (in order to apply Corollary 5.3). We can find C from the previous
argument, or from other theorems such as Theorem 1.4.
Suppose that one method gives C and the other method gives C ′ with
C ∩C ′ = /0. In this case we can say that K is not p-periodic.
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